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Propulsion via cyclic moves presents a challenge to micro-objects in overdamped environments, where time
reversibility may prevent directed motion. Most reported cyclic movers exploit anisotropic hydrodynamic drag
with the surrounding medium to push or pull themselves forward. Here, we present a propulsion strategy that
exploits internal interactions in multicomponent objects. We study self-assembled clusters of magnetic particles
that exhibit an off-center dipole moment. By theoretical modeling and in experiments with magnetic Janus
particles, we demonstrate that under an oscillating field the interaction between such anisotropic particles in the
cluster breaks time reversibility. This enables propulsion under an oscillating actuation field without changing
the external shape of the object, which is impossible within the strategy of hydrodynamic drag. Using the same
experimental particle system, we realize various modes of motion ranging from stirrers to steerable movers
with helical or directed path under the same environmental conditions. They present a powerful counterpart to
propellers that move via hydrodynamic drag.
DOI: 10.1103/PhysRevResearch.2.023092
I. INTRODUCTION
Locomotion is a fundamental requirement for any form
of life to explore their environment. Often, it involves the
cyclic repetition of coordinated movement patterns. Locomo-
tion of microscopic objects and organisms moving through
a dense medium presents a particular challenge as they face
overdamped environments where drag dominates over inertia
[1,2]. As a consequence of drag, cyclic motion patterns are
time reversible [3]—under any oscillating pattern of motion,
an object repeatedly goes back and forth by the same distance
and lacks directed migration. Yet, nature has found ways for
microorganisms to swim [4–8]. To explore the principles,
propulsion strategies via cyclic body moves in overdamped
environments has been the subject of intense research [9–14].
Moreover, artificial systems have been established using field-
activated or catalytically active micro-objects [10,15–18].
So far, most reported examples of cyclic movers exploit
hydrodynamic coupling via the surrounding viscous medium
to convert rotational motion into translation [18,19]. For rigid
objects, coupling appears if the rotating object has a chiral
shape (propeller) [20,21], or if the environment is anisotropic,
e.g., the motion takes place close to a surface (roller) [22–26].
Further, multicomponent objects with a flexible tail, resem-
bling flagella (swimmer) [27–29], can perform periodic shape
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deformations, i.e., undulations, such that hydrodynamic drag
leads to translation. These explanations disregard that many
discussed objects (whether invariant [20] or flexible [27,30]
in object shape) are composed of multiple components, which
provides additional flexibility when the components rotate in-
side the object. However, within the concept of hydrodynamic
coupling, internal rotations do not break time reversibility and
thus are not essential to realize propulsion.
Here, we present a different actuation concept where inter-
nal rotations in multicomponent objects can cause propulsion.
The key is that the driven rotation of the components is
coupled with an interaction between the components that
breaks time reversibility. We study self-assembled clusters of
magnetic microparticles. The spherical particles are actuated
remotely with an oscillating external field, which causes the
magnetic particles to periodically reorient via alignment along
the field. This type of actuation is interesting in the context of
propulsion principles. To achieve directed migration, at least
two coordinates of motion of an object must be time depen-
dent. Trivially, this is the case under a rotating drive, which
acts along two coordinates. In contrast, a linearly oscillating
drive acts along one coordinate of motion only. However,
a coupled interaction between the rotating components can
introduce an additional coordinate of motion if the interaction
leads to motion along a coordinate that differs from the
direction of the field. If this motion is nonreversible, it leads
to propulsion.
The magnetic interactions between the particles we employ
lead to a nonreciprocal rotation under field actuation. To
transform the driven rotation into an effective translation, two
conditions must be fulfilled: First, the field-driven rotation
creates a force on the center of mass of the particles (i.e.,
the center of rotation is differs from the center of mass), and
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FIG. 1. Experimental actuation of a ring composed of magnetic
Janus particles [40]. (a) Image sequence of the rotation of a triple ring
under an oscillating field. The red circle of one particle is a guide to
the eye for the overall cluster rotation (scale bar 5 μm). (b) Sketches
of side and top view of a triple ring, with orientation angles ϕ and θ of
the Janus particles. The magnetic hemisphere is colored in dark blue.
Here, the red circle indicates the orbit of in-plane particle motion (s⊥)
spanned by the particle centers. (c) Orientation ϕ(t ), the sine fit curve
(solid brown), and the orbital translation s⊥(t ) of a capped particle in
the ring during four periods T (Bz0 = 0.34 mT, ω/2π = 2 Hz).
second, the motion pattern of the center of mass becomes
nonreciprocal due to the coupled interparticle interaction.
We will demonstrate that both conditions can be realized
if the cluster is composed of particles with an anisotropic
magnetization distribution [31,32].
We employ colloidal particles with a radius of rp =
2.27 μm, which are equipped with a hemispherical ferro-
magnetic thin film of [Co(0.28 nm)/Pd(0.9 nm)]8 [33] to
form so-called capped or Janus particles. After magnetic
saturation, those particles exhibit a stray field with dipo-
lar characteristic [34], and the dipole moment points along
the Janus director. Note that despite the optical similarity,
magnetic Janus spheres in previous reports exhibit a dipole
that points perpendicular to the Janus director [35–37]. The
hemispherical coating causes a negligible mass imbalance,
but it provides a significant shift of the magnetic center of
more than 0.68rp (Appendix A). In aqueous solution, after
sedimentation on the glass substrate the particles assemble
in various compact two-dimensional structures with diverse
magnetic order [31,32,38]. The particle orientation is visu-
alized by transmission light microscopy via the optical con-
trast between the transparent, uncoated hemisphere and the
intransparent, coated hemisphere [Fig. 1(a)]. A set of three
pairs of electromagnetic coils is mounted around the sample
cell, providing low-frequency actuation fields.
Experimentally, we show that self-assembled clusters
move under oscillating fields and that various motion patterns
can be realized by different cluster configurations. We then
explain the actuation concept qualitatively with a simple
theoretical model. It describes the motion of spheres with
an embedded dipole that is not centered but shifted radially
outwards, so-called shifted-dipole particles (sd particles) [39].
The key point is that the interaction between spheres with
this magnetic asymmetry breaks time-reversal symmetry un-
der oscillating fields. The findings demonstrate that internal
rotations in multicomponent objects built from anisotropic
particles enable new actuation strategies for cyclic movers




Among other possible configurations, the magnetic Janus
particles spontaneously form clusters of three particles, with
the dipole moments forming a flux closure ring [Fig. 1(a)]
[32]. We apply an oscillating magnetic field Bz perpendic-
ular to the assembly plane of the triple ring [see sketch in
Fig. 1(b)]. The oscillating field drives a synchronous up and
down oscillation of the Janus particles by angle θ [Fig. 1(b),
left]. As the cluster is close to a glass substrate, hydrodynamic
coupling causes the rotating particles to repeatedly roll back
and forth. For single particles, this translation is reversible,
which excludes directed motion. However, for Janus particles
that form as a ring, we observe an overall rotation of the ring
around an axis parallel to the field. During the rotation, the
uncapped, nonmagnetic hemispheres always faces towards the
rotation direction [Fig. 1(a)] [40].
Environmental conditions such as the chemical differ-
ence across the particle surface or the magnetic field can
be excluded as possible reasons for the symmetry breaking
(Appendix B). Further, structural deformations of the cluster
can be excluded; the cluster shape remains constant even after
many field cycles (Appendix C). In order to scrutinize the
ring rotation, we have analyzed the translational and rotational
motion of the particles in the triple ring in more detail using
image analysis. During cluster rotation, the particles effec-
tively translate on an orbit spanned by the particle centers [see
red ring in Fig. 1(b), right]. This translation of the particles
perpendicular to the field is shown as s⊥(t ) in Fig. 1(c).
The position oscillates with a periodicity that matches the
applied field frequency. This visualizes the substrate-induced
back and forth rolling. Remarkably, the oscillation is not a
symmetric sine curve. The hills are much more oblate than
the valleys, with a ratio of the amplitudes of about ≈ −0.2.
Moreover, the graph s⊥(t ) exhibits a gradual increase. During
each field cycle, a particle moves by s⊥, which leads to the
overall ring rotation. Besides the translation, we analyze the
azimuthal orientation of the particle (Janus director projected
onto the assembly plane). We define the azimuthal angle
ϕ that is enclosed by the in-plane component of the Janus
director and the tangent to the orbit of motion [Fig. 1(b),
right]. We find that the orientation of ϕ(t ) changes during
field application [Fig. 1(c)]. It oscillates periodically with a
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frequency twice the field frequency of 2 Hz. Moreover, the
value ϕ = 32◦ which the particles obtain when θ = 0 during
the rotation is different from the equilibrium configuration
of three particles in the absence of external fields, which is
characterized by ϕ = 50◦ [32]. These steady-state oscillations
[Fig. 1(c)] are consistent with our previous findings for two-
particle clusters, which also obtain a nonequilibrium steady
state under oscillating fields [31].
This in-plane oscillation of ϕ(t ) with doubled frequency,
which is clearly not induced only by the external field, breaks
time reversibility of the rotational motion of the particles:
The azimuthal orientations ϕ during out of-plane rotation
(|θ | increases) differ from the orientations when the particles
rotate back into plane (|θ | decreases). We propose that this
leads to the overall ring rotation. As we excluded all possible
external causes, the time dependence of ϕ(t ) must result from
the magnetic interparticle interaction.
Before presenting a comprehensive numerical explanation
for the ring rotation based on the motion s⊥(t ) in Fig. 1(c),
we want to demonstrate that the field-driven actuation can
result in a variety of motion paths that depends on the inter-
nal cluster configuration. We exploit the fact that the Janus
particles studied here self-assemble into compact clusters
with various magnetic configurations [38,39,41]. Essentially,
self-assembling Janus particles form clusters with nonlinear
dipole configuration to minimize the magnetic interaction
potential. A bistability in the interaction potential [32] leads to
variability in the magnetic configuration of a given cluster. As
an example, clusters consisting of five particles are discussed
here. While there exists only one possible spatial shape for
a compact five-particle cluster, it can appear in different
magnetic configurations (Appendix D). Two of the possible
configurations are shown in Figs. 2(a) and 2(b). They differ
in the in-plane orientation of only one particle [leftmost in
the insets in Figs. 2(a) and 2(b)] while all other four particles
are similar. This seemingly small difference in the magnetic
configuration leads to a drastic difference in the trajectory of
the cluster when actuated by oscillating fields [Figs. 2(a) and
2(b)]. Configuration (a) performs a helical motion while the
other, (b), exhibits an almost linear path [42]. The center of
both configurations moves with about the same speed (about
0.1 μms ), but the superimposed circular and lateral motion of
the helical mover (a) leads to an effectively slower lateral
translation of about 0.04 μms .
Assuming that each particle in a cluster contributes with
s⊥ along the in-plane orientation of its cap, the motion path
of a cluster arises approximately from the sum of the dipole
vectors. In configuration (a), the dipole vectors of the particles
form a bent ring. In configuration (b), the vector sum of the
cap orientations gives a significant cluster moment, which
leads to a more directed translation (see Appendix D for
more details). Moreover, the residual cluster moment of the
latter can be used to orient that cluster and steer translation
in a superimposed, constant in-plane field Bx,y, provided that
the field intensity is too low to alter the cluster structure.
When orienting the cluster with an additional constant planar
field, it performs directed translation under the oscillating
perpendicular field Bz [Fig. 2(c)]. Switching from By to Bx
changes the translation direction by 90◦ [43]. It is noteworthy
that the translation path in Fig. 2(c) deviates from the direction
By
Bx




































FIG. 2. Experimental trajectory of two compact clusters (insets)
(a), (b) under an oscillating field with Bz = 0.53 mT, ω/2π =
5 Hz (a: 88 s; b: 251 s) [42] and (c) under an oscillating field
(Bz = 1.13 mT, ω/2π = 20 Hz) and a constant in-plane field (Bx,y =
0.03 mT) [43]. The in-plane field is switched from By to Bx during
the recording (scale bars 5 μm).
of the applied field, because the net magnetic orientation of
this cluster does not coincide with its effective translation
direction.
B. Numerical model of the actuation
For the theoretical description of the observed motion
of the colloidal cluster, we employ the conceptually simple
sd-particle model: spheres with an embedded dipole that is
shifted radially outwards. This model has been used earlier to
successfully reproduce the assembly and rotational dynamics
of the magnetically anisotropic Janus particles [31,32]. The
explanation of the actuation process requires three steps,
which are also demonstrated visually in Figs. 3(a)–3(c). First,
the conversion of field-driven rotation into time-reversible
displacement is achieved by each anisotropic sd particle sep-
arately [Fig. 3(a)] and hence is an effective single-particle
problem. Second, when sd particles are spatially arranged in a
cluster they mutually hinder their field-induced single-particle
displacement [Fig. 3(b)]. This impacts magnitude and direc-
tion of the displacement, which is taken into account by intro-
ducing an angle-dependent hindrance factor ch. Third, when
particles in a cluster perform synchronous, field-driven out-
of-plane oscillation, they exhibit an additional in-plane os-
cillation that emerges from the magnetic interaction between
the particles [Fig. 3(c)]. This collective in-plane oscillation
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FIG. 3. Numerical model of the actuation principle using a triple ring of sd particles. (a) Sketched side view of the off-centered rotation
of an sd particle under an oscillating field Bz. (b) Sketch of steric hindrance between contacting particles in a triple ring. When an oscillating
field Bz is applied, the sd particles are forced to move along the in-plane component of the dipole vector, but steric hindrance between
particles allows displacement only tangentially to the ring. Thus displacement is unobstructed only for ϕ = 0◦, decreases for ϕ < 90◦, and
is completely obstructed for ϕ = 90◦. (c) Numerically calculated trajectory in θ − ϕ coordinates of sd particles (ξd = 0.55) in a triple ring
under an oscillating field (Bz0 = 3μ0m16πr3p ). The arrows indicate the time evolution. (d) Sketched top view of a triple ring during one movement
cycle I → IV. For clarity, the variations in ϕ (colored segments) are 20 times larger than the ones plotted in (b). The colors of the segments
correspond to the colors of arrows in (c). (See also [46] for an animated illustration.)
is nonreversible, and in combination with the displacement
it causes an effective motion of the whole cluster [Fig. 3(d)].
In the following, these three steps are explained in detail.
First, the periodic single-particle displacement under an
oscillating field is a consequence of the magnetic anisotropy
of the sd particles [Fig. 3(a)]. An oscillating field exerts a
torque on the magnetic center of a dipolar particle, and the
particle follows the field by periodically rotating up and down
by angle θ . In the case of sd particles, where the magnetic
center is shifted away from the center of mass, the applied
field consequently displaces the center of mass of the sd
particles along an arc [44] [Fig. 3(a)]. For particles surrounded
by a medium, dissipative interactions cause only a slight
modification of the rotation center (Appendix E). Without loss
of generality, we can assume that the particle rotates around a
center that is shifted by the amount ξrp from the center of
mass of the sphere with radius rp. An additional influence
arises when our particles rotate in the vicinity of a substrate.
Wall-induced hydrodynamic drag causes additional conver-
sion of rotation into translation. Here, this conversion is not
constant, since the off-center rotation involves a periodically
changing distance between particles and the substrate. (For
more details, see Appendix F.) To approximate the influence
of this oscillating sphere-substrate interaction, we choose a θ -
dependent conversion factor c1,2, which assumes the constant
value c1 while the cap points up (θ < 0) and c2 while the cap
points down (θ > 0), with c1 > c2. We, however, emphasize
that the impact of the surface on the motion does not break
time reversibility; a single oscillating sphere near the surface
does not perform effective translation.
For a single sd particle, we can derive an analytic expres-
sion for the infinitesimal in-plane displacement ds⊥ of the
center of mass that ideally arises from the rotation by an angle
dθ around the rotation center as
ds⊥ = −ξrp c1,2(θ ) sin θ dθ. (1)
Integration over a whole field cycle gives the overall trans-
lation. It vanishes for a single particle that is not bound to
a cluster; it thus undergoes reversible oscillations as shown in
[45]. (For a discussion of the motion ds‖ parallel to the applied
field, see Appendix F.)
Next, we consider sd particles that are assembled in a
ring cluster. We concentrate on the triple ring as the small-
est, highly symmetric entity showing the actuation effect. In
analogy to a single sd particle, field-induced rotation by dθ
displaces each sd particle by ds⊥. However, in contrast to a
single particle, the particles in a cluster cannot move freely
and their displacement is hindered by the presence of other
particles as described next. The displacement of particles
in a ring is confined to the orbit spanned by the particle
centers [red ring in Fig. 3(b)], with the orbit being fix due
to the mutual magnetic attraction between the particles. In
other words, the in-plane displacement vector of a particle in
the ring always points along the orbit tangent, indicated by
yellow arrows in Fig. 3(b). Consequently, the dipole vector
and the displacement vector do not align if the dipole does not
align tangentially to the orbit, i.e., 0◦ < ϕ < 90◦ [Fig. 3(b)].
While the field-driven rotation of sd particles forces them
to displace along the in-plane direction of the dipole vector,
particles are sterically hindered by the presence of other
particles in contact. For synchronously rotating particles, the
displacement ds⊥ is completely unobstructed only if ϕ = 0◦,
i.e., the displacement vector aligns with the dipole vector
[Fig. 3(b)], and ds⊥ decreases with decreasing values of ϕ
until it reaches ds⊥ = 0 when the dipoles point towards the
center of the orbit [case of ϕ = 90◦ in Fig. 1(b)]. We can
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take this anisotropic, angle-dependant hindrance into account
by an additional factor ch(θ ) = cos ϕ(θ ). Within this approx-
imation, the hindrance between interacting particles depends
exclusively on ϕ. In the experimental study above, we have
already shown that ϕ is an oscillating function of Bz. This
gives rise to a time-irreversible interparticle hindrance term
ch(θ ).
Finally, to determine ϕ(t ) of sd particles in a triple ring, we
have studied the rotational (angular) motion of the particles
separately from their translational one. We numerically solve
the equation of rotational motion of interacting sd parti-
cles in the ring under an oscillating field Bz = Bz0 sin(ωt )
(Appendix G). We apply a dipole shift of 0.55 rp, which
describes the experimental particles well [31,32,39]. As we
have shown previously, for two interacting sd particles in
an oscillating external field Bz, the dipoles follow double-
loop trajectories in θ - ϕ coordinates [32]. The same type
of trajectory is observed for particles in larger assemblies
[Fig. 3(c)]. After a short transient oscillation (0), the dipoles
reach a steady-state loop along the path I → IV. The double
loop is a very small effect, as the variations in ϕ and θ differ by
one order of magnitude. The character of the angular motion
can be visualized more easily with amplified variations in
ϕ [Fig. 3(d)] [46]. The dipoles obtain larger angles ϕ while
rotating out of plane (increasing |θ | in I, III) than during the
rotation back into plane (decreasing |θ | in II, IV). The loop
trajectory ϕ(θ (t )) breaks time reversibility, since the sense of
direction of the loop is uniquely defined by the chirality of the
cluster. Essentially, this nonreversible rotation combined with
ϕ-dependent displacement of the sd particles leads to directed
motion of a particle cluster as demonstrated in the following.
During the increase of |θ | [small hindrance values ch(θ ) =
cos ϕ(θ )], the displacement ds⊥ is hindered more strongly
than during the decrease of |θ | [large values cos ϕ(θ )]. For
a quantitative analysis of the overall translation, we fit the
trajectory ϕ(θ (t )) in Fig. 3(c) to Lissajous curves and insert
the functional term together with the anisotropic hindrance
term ch(θ (t )) = cos ϕ(θ (t )) in Eq. (1) (see Appendix H for
details). The overall translation follows from the integration
s(t ′) = ∫ t ′0 ds(t ) (Fig. 4). After each field cycle, each sd parti-
cle in the triple ring obtains an overall traveled distance s⊥
(inset in Fig. 4). The synchronous motion of the composing
particles results in an effective rotation of the whole triple ring
[46]. This numerical analysis shows that the directed propul-
sion in a linearly oscillating external field is solely enabled
by the internal magnetic and steric interparticle interactions,
which give rise to time-irreversible, anisotropic hindrance
conditions. Hydrodynamic interactions, e.g., in the presence
of a substrate as given by the factor c1,2, are fully reversible
and modify the displacements only quantitatively.
C. Comparison of simulated and measured trajectories
The numerically obtained translation curve of sd particles
qualitatively agrees well with the curve we measured for
experimental Janus particles (Fig. 4). Both show an effective
translation after each field cycle, and the curves obtain similar
shapes. The numerical trajectory s⊥(t ) qualitatively equals
the experimental findings, even in the sense of rotation; the
nonmagnetic hemispheres point in the direction of the overall
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FIG. 4. Translation of numerical sd particles under an oscillating
field. The solid curve shows the translation s⊥ that each particle in a
triple ring performs over time t’ under an oscillating field, indicating
an effective translation s⊥ that particles have obtained after one
field cycle T (see magnified cutout). The curve qualitatively agrees
with the curve obtained for experimental Janus particles [dashed
curve, taken from Fig. 1(c)]. Roman numbers correspond to the
labels in Fig. 3(c).
rotation. For a better quantitative comparison of numerical
and experimental findings, in the simulation we applied a
substrate-induced conversion factors of c2/c1 ≈ −0.2. This
factor has been extracted from the experimental translation
curve s⊥(t ) in Fig. 1(c) as the ratio between the amplitudes
during the section of forward translation (III/IV) and the
section of backward translation (I/II).
Despite the qualitative coincidence, the experimental and
numerical findings differ quantitatively in s⊥ (Fig. 4). This
leads to significant differences in the rotation efficiency of the
ring. The experimental triple rings rotate by about 3◦ − 10◦ 1s
with a mean relative increase of s⊥/rp = 3.6 % per cycle.
This is one order of magnitude larger than s⊥/rp in the simu-
lation (Fig. 4). In contrast to the sd particles with a single point
dipole, the capped particles provide an extended magnetiza-
tion distribution. This leads to a quantitative modification of
the dipole interaction potential [32,47]. The difference affects
the radial oscillations ϕ(t ), which are a direct consequence
of the magnetic interaction between the particles. Fitting the
experimental curve ϕ(t ) [Fig. 1(c)] to a sine function gives a
mean value of ϕ = 32◦ and a radial oscillation amplitude of
10◦. This radial amplitude in ϕ of capped particles is about 8
times larger than for sd particles. Therefore, also the double-
loop trajectory of capped particles is broadened by this factor.
Since the area enclosed by the double loop is proportional
to the propulsion efficiency s⊥/rp, it is consistent that the
experimental value of s/rp is also one order of magnitude
larger than in the simulation.
Finally, in analogy to the experimental setting, the nu-
merical analysis incorporates the proximity of the cluster to
a nearby substrate. Yet, this asymmetry in the environment
does not present a necessary prerequisite for the motion;
time reversibility is broken only by the magnetic interaction
between the anisotropic particles. As a consequence of this
concept, the field-actuated clusters should also move if they
are located in isotropic environments (bulk fluids). In fact,
numerical simulations show that the triple ring effectively
rotates also if we assume conversion factors of c1 = c2 = 1
(Appendix H). In the presented model of sd particles, the
023092-5
GABI STEINBACH et al. PHYSICAL REVIEW RESEARCH 2, 023092 (2020)
lack of surface-induced translation only reduces the overall
efficiency of the ring rotation.
III. DISCUSSION
In conclusion, we have demonstrated experimentally and
theoretically that field-driven internal rotations in multicom-
ponent objects play a crucial role for directed locomotion
of cyclic movers in dissipative environments. The rotations
enable migration under conditions that make locomotion im-
possible within the usually considered concept of hydrody-
namic drag. The propulsion strategy introduced here requires
two ingredients. First, the composing components can ro-
tate individually in response to an external field. Second,
they must exhibit an anisotropic magnetization distribution.
The anisotropic magnetization distribution causes periodic
displacement of the composing particles. In addition, the
magnetic interaction between such anisotropic components
activates torsional oscillations perpendicular to the applied
field direction, which breaks time-reversal symmetry. Com-
bining the displacement with nonreversible rotation leads to
an effective motion of the multicomponent object.
The actuation concept combines essential benefits. First
and most striking, we have shown that it enables a wide variety
of motion paths ranging from rotation to helical motion and
steerable translation. The motion pattern of any cluster with a
given shape is determined by the internal interactions and as
a consequence can be reprogrammed by modifying the mag-
netic arrangement of a cluster without changing the cluster
shape. Second, the translation direction can be controlled with
an additional external field by steering the overall magnetic
moment of a cluster. Finally, the actuation does not require
any fuel molecules around the particles; thus the presented
system can be fully biocompatible, potentially enabling cargo
delivery in living systems. The achievable actuation efficiency
of the presented strategy is comparable to those of swimmers
that move by anisotropic drag. Reported clusters rotate with
about 1/10 of the actuation frequency [48], while we reach
an efficiency of about 1/20. Also, our translation speeds of
0.01–5 μm/s compare with other swimmers, which typically
move with a few μm/s [10].
We suggest that this actuation strategy has valuable im-
plications on other particulate soft matter. Since the motion
path crucially depends on the spatial and magnetic cluster
configuration, any combination of rotation and translation
should be realizable by proper choice of asymmetric particles
and assembly of a cluster. We expect even more diverse
motion paths when using other magnetically anisotropic par-
ticles, which are currently widely discussed for complex self-
assembly [19,35,36,44,49–52]. Note that for a rigorous theo-
retical description of the exact translation path, additionally,
the hydrodynamic drag of asymmetric clusters must be taken
into consideration, which provides a complex problem on its
own [53].
Considering the simplicity of the oscillating field pattern
that drives the motion, the question remains whether similar
actuation can be found elsewhere, e.g., in living systems.
Since the propulsion strategy relies on the anisotropy of
the particles, an increase of the anisotropy would probably
increase the efficiency of the driving mechanism. In addition
to anisotropic potentials, also entropic interactions between
components with anisotropic shape [54] might enable similar
propulsion mechanisms based on the presented strategy of
internal rotations.
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APPENDIX A: ANISOTROPY OF CAPPED PARTICLES
The hemispherical coating of the studied silica spheres
theoretically leads to shape anisotropy, mass imbalance, and
magnetic anisotropy. The extent of the symmetry break for
each aspect—shape, mass, and magnetic center—are detailed
next. We have deposited a metallic film with a maximum
thickness of t0 = 16.5 nm onto an array of silica spheres with
a radius of rp = 2.27 μm. Deposition normal to the array
leads to a hemispherical coverage of each particle. Across
the coated hemisphere, the thickness t of the film varies
as t0 cos , with the angle  measured with respect to the
deposition direction, which is equal to the Janus director. The
film deposition leads to a maximum variation of the particle
radius of t0/(rp) = 0.0072 < 1%, justifying our assumption
that capped particles are still spherical.
To calculate the center of mass of the coated particles,
additionally, the different volume and mass densities ρ of the
silica sphere and of the metal film have to be regarded. The
silica spheres have a density of ρSi = 2 gcm3 . For the metal
film, we estimate a mean density of ρF = 12.4 gcm3 , which
follows from the densities of each element in the film (Ta:
16.6 gcm3 ; Co: 8.9
g
cm3 ; Pd: 12.0
g
cm3 ) and their relative fraction
of the total film thickness (Ta: 18 %; Co: 13 %; Pd: 69 %).




p = 4.90 × 10−16 m3. For the volume of the magnetic
metal cap, VF , we choose the amount of metallic film which
is deposited on the substrate area covered by a particle, VF =
πr2pt0 = 2.62 × 10−19 m3. This choice of VF assumes normal
incidence conditions during the metal deposition and an ideal
sticking of the deposited atoms to the curved silica surface.
With these volumes the masses of the two components amount
to MSi = 9.80 × 10−11 g for the particle and MF = 3.31 ×
10−12 g for the cap.
Due to the rotational symmetry of the coated particle, the
centers of mass of the silica sphere, zSi, of the magnetic
cap, zF , and thus also of the complete Janus particle, zM, are
located on the symmetry axis. For the following discussion,
that axis will be chosen as the z axis, and the geometric center
of the silica sphere is defined to be located at zSi = 0. In
general, the center of mass, zM , of an arbitrarily shaped object
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where zF is obtained by integrating (A1) over the cap in
spherical coordinates with polar angle  and azimuthal angle
φ. In spherical coordinates, the z coordinate is related the
radius rp of the particle and the polar angle  as z = rp cos .
For the hemispherical cap we use  ∈ [0 : π2 ], φ ∈ [0 : 2π ],
and r ∈ [rp : rp + t0 cos ]. With a film thickness of t0 cos 













rp sin  cos d
×
∫ rp+t0 cos 
rp
r2dr. (A2)
This is 23 rp + 12 t0 to the first order in t0 and amounts to
zF = 1.52 × 10−6 m. From zF and zSi and the masses MSi
and MF one finds the mass center for the Janus particle at
zM = 5 × 10−8 m shifted away from the center of the sphere
towards the cap. This corresponds to 2.2% of rp. This implies
that the overall shape and mass distribution of a capped
particle deviates only negligibly from those of an ideal sphere,
and the mass imbalance can be neglected here.
Next we will estimate the dipole shift of the capped par-
ticles. The magnetization distribution of the capped part is
radially symmetric (dipolelike), and the magnetic center is
displaced along the symmetry axis away from the particle
center towards the cap. The mass center of the cap at zF =
1.58 × 10−6 m, or 68% of rp, is a natural first estimate for
the magnetic center, assuming that the film exhibits an out-
of-plane magnetization. Yet, thin parts of the cap may be-
come superparamagnetic and thus may not contribute, while
the top part of the cap will dominate the net magnetization
[34]. Hence, zF represents only a lower bound for the actual
location of the magnetic center along the symmetry axis. Nu-
merical simulations of small clusters assembled from capped
particles suggest that the effective shift is in the range between
60% and 78% of rp [32]; this range includes the estimate
above.
APPENDIX B: EXCLUSION OF HEMISPHERE
SURFACE EFFECTS
In order to exclude an influence based on the two chem-
ically different (capped and uncapped) surfaces of the Janus
particles, we have examined an additional set of particles
where an additional layer of silicon oxide (Si3N4) is deposited
on top of the magnetic film. This layer is chemically similar
to the uncoated silica hemisphere. Under same experimental
conditions, triple rings of both types of particles, with metal
and with a silicon oxide top layer, exhibit the same angular
speed when exposed to an oscillating field; thus effects related
to different surface materials can be excluded.
APPENDIX C: SHAPE STABILITY OF MOVING CLUSTERS
To prove the assumption that the shape of the clusters does
not change over time while an oscillating field is applied,
we measure the perimeter of the whole cluster over 60 field
cycles (Fig. 5). Any reconfiguration in particle arrangement
or deviation from a compact particle assembly causes an im-


























FIG. 5. Shape invariability of clusters under oscillating fields. As
a measure for cluster shape, we analyze the perimeter of clusters
under field application over time. The perimeter is shown for the
rotating triple ring (bottom black curve) (as presented in Fig. 1)
and for compact five-particle clusters [Fig. 2(a)] while performing
helical motion (top black curve) or linear translation (gray curve). In
all cases, the perimeter and thus the shape of the clusters does not
change over time.
cases—the triple ring (Fig. 1), the five-particle helical mover
[Fig. 2(a)], and the linear mover [Fig. 2(b)]—the perimeter
of the cluster remains constant within measurement accuracy.
In particular, the perimeter of the triple ring has a perimeter of
34.85 ± 0.14 μm. The five-particle cluster provides a constant
perimeter independent of the motion path; the helical mover
has a perimeter of 45.16 ± 0.28 μm, and the linear mover
provides 45.55 ± 0.28 μm, which coincides well. Assum-
ing that the colloidal particles pack densely, the theoretical
perimeters for the cluster are 35.6 μm for the triple ring and
49.9 μm for the five-particle cluster. Those values agree with
the perimeters measured experimentally (Fig. 5), with slight
deviations occurring from optical errors. Optical diffraction
partially obstructs the areas where two neighboring particles
contact each other. This decreases the measured perimeter in
comparison with theoretical values.
APPENDIX D: MAGNETIC CONFIGURATIONS
IN COMPACT CLUSTERS OF FIVE PARTICLES
Clusters of capped particles with magnetic shift exhibit
magnetic configurations of the dipole orientations that can
strongly differ from those of typical dipolar particles [32]. The
capped particles can self-assemble in compact clusters with
various magnetic configurations. These configurations can be
calculated numerically using sd particles and conducting an
energy minimization with respect to the dipole interaction
[31]. Here we discuss the configuration of compact clusters
made from three and five particles. There exists only one
configuration for a three-particle cluster. A ring forms and
the caps (or dipoles) form a closed loop [Fig. 1(a)]. For five
particles, there also exists only one structural possibility for
compact packing. However, the cluster can assume different
magnetic configurations. Numerically, we have found several
magnetic configurations as local minima of the magnetostatic
energy; the four configurations with the lowest energy are
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FIG. 6. Clusters of five sd particles (ξ = 0.6) with different
magnetic configurations. There is only one structural configuration
for a compact packing of five particles, but different magnetic
configurations exist as local minima. The four states with lowest
energy are depicted as configurations (a)–(d), among them (b), (d) the
two movers studied experimentally (Fig. 2). White arrows indicate
the dipole orientations. The hemisphere with the embedded dipole is
dark colored to facilitate visual comparison with the experimental
clusters. The numbers below the clusters give the magnetostatic




sketched in Fig. 6. The most stable configuration, A, is the
mirror-symmetric extension of the three-membered ring struc-
ture, where each side of the cluster represents a closed three-
particle loop. Ising-type frustrated trigonal magnetic lattices
exhibit such butterfly-type structure motifs with two neigh-
boring vortices of opposite winding number with increasing
temperature [55]. Configuration (b) (Fig. 6) corresponds to the
mover depicted in Fig. 2(a), and configuration (d) corresponds
to the one in Figs. 2(b) and 2(c). Both are less symmetric
than the configuration (a) and slightly less strongly bound.
Configuration (b) is also a specific case, because all local
moments form a single closed loop; the motion pattern of a
cluster with configuration (b) in an external oscillating field
thus exhibits strong circular contributions with only a little
magnetic anisotropy to direct the translational motion. From a
topological point of view, configurations (b) and (d) share the
four-particle vortex substructure indicated by blue circles. (b)
and (d) only differ in the fact that in (d) the orientation of the
upper-left particle (red circle) is reversed with respect to that
in B at the expense of 0.2 μ0m
2
32πr3p
. The directed motion depicted
in Figs. 2(b) and 2(c) may be understood as the combined
rotation of the four-membered subunit indicated by the blue
circles and the directed motion of the red-circled particle.
APPENDIX E: HYDRODYNAMIC RADIUS
OF AN ACTUATED CAPPED PARTICLE
In the absence of a dissipative environment, a single dipolar
sphere that is exposed to a magnetic torque rotates around
its magnetic center. If the magnetic center is shifted away
from the center of mass, as given for sd particles, then the
rotation leads to a displacement of the sphere center along an
arc [Fig. 7(c)] with a radius determined by the shift of the
magnetic center. In the presence of a dissipative environment,
friction at the particle-fluid interface hinders the rotational
and (reversible) translational motion. As a consequence, the
particle rotates around the hydrodynamic center of resistance
















FIG. 7. Sketch of a sd particle (a) before (solid circle) and (b)
after (dotted circle) rotation by θ caused by Bz, and (c) an overlay of
both situations considering that the particle rotates around the center
of resistance that is shifted by ξrp. The center of the sphere moves
by s⊥ =
√
x2 + y2 (⊥ Bz) and s‖ (‖ Bz).
in Fig. 7(c) is determined by the shift ξ of this center of
resistance. Brenner’s theory for the motion of an arbitrar-
ily shaped particle in a viscous medium can be applied to
determine the center of resistance, zR [56–58]. Following
Refs. [57,58] for an axis-symmetric anisotropic particle in a
viscous environment, the shift ξ of this center of resistance
can be calculated from the rotational friction coefficients ft at
zR and at the origin zSi and the origin-invariant translational






The rotational friction coefficient around the center of re-
sistance has been determined experimentally as fr,R = 6.5 ×
10−19 J s [45]. The translational friction coefficient can be
calculated from the translational diffusion coefficient Dt via
the Stokes-Einstein relation Dt = 〈r(t )2〉/6t . Static, field-free
estimates for Dt have been obtained by averaging experimen-
tally observed random walk trajectories (Fig. 8). With an ex-
perimental value of Dt = 0.040 μm2/s, the translational fric-
tion coefficient amounts to ft = 1.04 × 10−7 J s/m2, which is
higher than the ideal value (4.36 × 10−8 J s/m2) calculated
from Stokes’ law for the rotational friction in an ideally
homogeneous medium. This indicates that hydrodynamic in-
teractions of the particles with the substrate enhance the
translational friction by a factor of 2.4.
In contrast to fr,R and ft , the rotational friction coefficient
around the particle center, fr,Si, is not accessible experimen-
tally in the present setting. It may be obtained from reference
data for the silica-water interface via the Stokes equation as
fr,Si = 8πηr3p [59]. Including the effective increase of the
viscosity due to hydrodynamic interactions at the hydrophilic
particle-water interface [59], fr,Si amounts to 7.73 × 10−19 J s.
Inserting this estimate and the experimental values above in
Eq. (E1) gives the center of resistance at 1.07 μm from the
particle center, which corresponds to a shift ξ = 0.48rp. If
023092-8
ANISOTROPY OF COLLOIDAL COMPONENTS PROPELS … PHYSICAL REVIEW RESEARCH 2, 023092 (2020)
8       9      10     11     12      13
(a) (b)
x (μm)





















FIG. 8. Translational diffusion of a capped particle with a di-
ameter of 4.54 × 10−6 m on a glass substrate while the rotational
motion is suppressed by an external field. (a) Trajectory of a single
particle moving on the xy substrate plane for a time sequence of 20 s.
(b) Mean-squared displacement, 〈r(t )2〉, of the trajectory depicted
in (a).
substrate effects on the static translational diffusion coefficient
ft were negligible in the dynamic regime, the shift would
increase to ξ = 0.73rp. That value is even higher than the
estimated lower bound for the shift of the magnetic center,
which is discussed in Appendix A. This shows that within
experimental accuracy the center of resistance is located sig-
nificantly closer to the magnetic center of the particle than to
the center of the sphere.
APPENDIX F: ROTATION AND DISPLACEMENT
OF A SINGLE SD PARTICLE
The displacement of a single sd particle in response to an
oscillating external magnetic field can be expressed analyt-
ically. As indicated in Fig. 7(c), the center of mass of the
sphere moves around the center of resistance on an arc with
radius ξrp, determined by the magnetic shift and frictional
drag. Assuming constant drag, the trajectory of the particle on
this arc can be described by the displacements perpendicular
(s⊥) and parallel (s‖) to the oscillating field Bz:
s⊥ = ξrp(cos θ − 1), s‖ = ξrp sin θ, (F1)
where θ is the rotation angle [Fig. 7(c)]. For a single particle
in a uniaxial field Bz, the turning points of this trajectory
depend on the initial angle θ0 of the Janus director and the
(x, y) plane, and the magnitude of the applied external field.
If, as presently, the Janus director is parallel to the (x, y) plane
in the field-free state, then the turning points are analytically
given as a function of Bz/ωB, where ωB is the frequency of the
field oscillation [45].
From the differentiation of s⊥ and s‖ with respect to θ , we
obtain the infinitesimal displacements
ds⊥ = dθ c(θ ) ξrp(− sin θ ), ds‖ = dθ c(θ ) ξrp cos θ. (F2)
An additional term c(θ ) has been incorporated here, which
accounts for sources of anisotropic friction that hinder or en-
hance the infinitesimal displacement. Moreover, the trajectory
deviates from the ideal arc shape if an sd particle rotates close
to a substrate wall, as depicted in Fig. 7 and detailed next.
To recap, under external actuation fields a magnetic par-
ticle solely rotates if the hydrodynamic center of the sphere






FIG. 9. Rotation of particles with central dipole and sd particles
in bulk medium and close to a surface under an external field Bz.
(Same color key as in Fig. 7.)
coincides with its center of mass [case (i), Fig. 9]. Once the
hydrodynamic center is shifted, the particle center oscillates
along an arc [case (ii), Fig. 9]. The behavior changes in the
proximity of a wall, where anisotropic drag is present. For
a sphere with central dipole [case (iii), Fig. 9] in a liquid
medium, the surface-particle interaction converts rotation into
reversible back-and-forth displacement. An sd particle also
rolls back and forth, and additionally performs a periodic
displacement away from the wall and towards the wall [case
(iv), Fig. 9] because the rotational center of resistance is
shifted away from the mass center of the sphere. In contrast
to case (iii), this motion is not symmetric with respect to θ
due to the hindrance by the wall.
The determination of the hindrance c(θ ) close to a wall
[cases (iii) and (iv)] is a complex problem. Since the ro-
tation around the center of resistance periodically changes
the distance between the particle center and wall, also the
wall-induced hydrodynamic friction coefficient changes pe-
riodically. To illustrate the concept, here it is sufficient to
approximate the surface-induced drag with a step function of
two values c1, c2 that alternate with the sign of θ , i.e., whether
the dipole points up or down. To distinguish displacement
parallel (s‖) and perpendicular (s⊥) to the actuation, we define
c⊥(θ ) =
{
c⊥,1 if θ  0
c⊥,2 if θ < 0
, c‖(θ ) =
{
c‖,1 if θ  0
c‖,2 if θ < 0
.
(F3)
During θ > 0 [green circle in case (iv), Fig. 9] the surface-
induced translation enhances the translation s⊥ caused by the
oscillation around the off-center dipole. During θ < 0 (yellow
circle), the direction of translation when rotating near a wall
(iv) is opposite to the translation far away from a wall [case
(ii)]. In addition, the distance to the wall changes for forward
and backward rolling. Therefore, for oscillations close to a
wall (iv) the displacement during θ > 0 is always larger than
during θ < 0 and, thus, |c1| > |c2|. In case (iv), the overall
translation direction during θ < 0 (yellow circle) is similar
to that of the surface-free case (as depicted in Fig. 7) if the
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influence of the surface dominates over the displacement by
the oscillation around the center of resistance, and c⊥,2 > 0.
Otherwise c⊥,2 < 0 holds. Note that in analogy to the surface-
free case, the field-induced oscillation of a single particle
close to the wall is also reversible and leads to no overall
displacement.
APPENDIX G: NUMERICAL CALCULATION
OF PARTICLE ROTATION IN RING CLUSTER
The rotational motion of interacting sd particles in a ring
cluster exposed to an oscillating field Bz = Bz0 sin(ωt ) has
been calculated by numerically solving the equation of ro-
tation. In the simulation, the particles are spatially fixed at
their center. This assumption is reasonable when studying the
rotation of the particles in the reference system of a cluster
that does not change its spatial shape. Assuming sd particles
with dipole moment m (unit vector m̂) and stray field Bp, the
equation of rotation is obtained by balancing the rotational
drag, τ d , with the magnetic torques between the sd particles
and between sd particles and the field, τB. Inertial forces have
been neglected on account of the dominating drag forces. Due
to the dipole shift, besides the aligning torque τ p = m × Bp,
also the gradient force (m · ∇ )Bp between the sd particles is
relevant. The latter converts into an effective torque τF such
that the equation of rotation is given by
τ d = τ p + τF + τB, (G1)
which can be written as
fr̇(t ) = m × Bp + ξm̂ × [(m · ∇ )Bp] + m × Bz, (G2)
where ̇ is the angular velocity of an object with rotational
friction coefficient fr and orientation  = (θ, ϕ). An ensem-
ble of n particles gives a system of n coupled equations of
rotation [Eq. (G1)], which are solved iteratively in a self-
consistent cycle. From the state at time t , the orientation m̂i













The function “norm[·]” scales the updated magnetic moments
m(t+1) to retain the fixed magnitude ms of the dipoles. In the
calculation, a rotational friction coefficient of fr = 100 μ0m232πr3p
has been applied. It has the dimension of energy since the
numerical time steps t = (t + 1) − t are dimensionless and
set to 1. The angular frequency ω is also a dimensionless
quantity and is set to 0.05.
The rotational motion ϕ(θ (t )) has been obtained by nu-
merically solving the coupled equations of rotation of the
interacting sd particles under an oscillating field Bz, which
points along θ = −π/2 perpendicular to the plane of the
ring cluster. For each particle, the periodic variation in Bz
leads to an oscillatory behavior of θ (t ). It is uniform for all
particles, because the motion follows the external field, which
is identical for all particles in a ring cluster. Additionally, we
observe that the oscillation of θ involves a periodic change of
ϕ for interacting sd particles in a ring, as depicted in Fig. 3(b).




0.95  1.00   1.05
0
0.2











FIG. 10. Translations s⊥ of sd particles in a triple ring placed in
a homogeneous environment (red curve) and close to a substrate wall
(blue curve). The magnified inset on the right illustrates the overall
distance a particle has traveled during one field cycle.
APPENDIX H: CALCULATION OF EFFECTIVE PARTICLE
TRANSLATION IN A RING CLUSTER
The time-dependent translation s(t ) of sd particles along
the orbit of the triple ring can be calculated by integrating
Eq. (F2) after inserting analytic expressions for θ (ϕ(t )), and
c(θ ) = cos[ϕ(θ (t ))]. The expressions are obtained by fitting
the steady-state trajectory ϕ(θ ) [Fig. 3(b)] to a Lissajous
curve. The fitting curve has the form








with the azimuthal and the radial amplitudes ϕA and θA,
the phase shift p between ϕ and θ , and the offset n. The
sign ± accounts for the fact that ϕ(θ ) is a multivalued
function. ϕ and θ perform harmonic oscillations with a
frequency ratio of ωϕ/ωθ = 2. ωθ equals the frequency of
the external oscillating field, ωB. With the fit parameters
ϕA, θA, p, n, the time-dependent torsional oscillations of the
particles in a ring can be expressed by ϕ(t ) = ϕA sin(2ωBt +
p) + n and θ (t ) = θA sin(ωBt ). From the differentiation dθ (t )dt
we obtain the substitution for the integration variable as
dθ = dt θAωB cos(ωBt ). After inserting these expressions into
Eq. (1), the time-dependent translation is obtained from the
integration s(t ′) = ∫ t ′0 ds(t ). For particles in a ring that is
located near a surface, it has to be taken into account that the
hindrance term amounts to c(θ ) = cos ϕ(θ (t ))cf(θ ) to account
for both the hindrance that neighboring particles exert in each
other and the surface-induced friction as sketched in Fig. 9.
The effective translation of a particle in the ring is shown in
Fig. 10 (blue curve).
If a ring is placed inside an isotropic medium (no wall-
induced friction), the overall translation of a particle differs
[Fig. 10, red curve]; the sd particles periodically translate back
and forth twice per motion cycle [Fig. 9, case (ii)]. Further, we
can apply c1 = c2 = 1. However, also in this case the particles
gain an overall distance s⊥ traveled after each motion cycle
I → IV. This demonstrates that the surface is not necessary
to induce the actuation presented here; the surface-induced
motion alters only the trajectory.
In both cases, s⊥ is in the range of a few % rp, and s⊥
is less than one-tenth of that range. The numerical calculation
additionally reveals that the particle gains the distance s⊥
with the nonmagnetic side facing forward. Consequentially,
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the uniform translation s⊥(t ) of all particles in the ring results
in the rotation of the whole ring of the sd particles with the
nonmagnetic side facing forward [46]. In order to understand
the direction of the overall rotation of the ring, we need to
discuss in detail how each part of the rotational motion (I–IV)
during the loop contributes to the translational motion. We
first discuss the case for a ring in isotropic medium. When the
dipole rotates out of the plane (I/III), the particle translates
with its magnetic side ahead [Fig. 3(c)], defined as back
motion. Forth translation with the nonmagnetic side ahead
occurs during Secs. II and IV, i.e., when the dipole rotates
back into the plane. As derived from the rotational trajectory
[Fig. 3(b)], the factor cos ϕ(θ ) during I/III is smaller than
during II/IV; therefore, −ds⊥(θI ) = −ds⊥(θIII ) < ds⊥(θII ) =
ds⊥(θIV). The integration of ds⊥ over one field cycle is thus
positive. The particles in a ring perform a net translation along
the orbit with the nonmagnetic side facing forward.
The translation close to a wall requires multiplying
Eq. (F2) with the factor c(θ ) = cf(θ )c⊥(θ ) and differs
qualitatively from the one in an isotropic medium if a value
c⊥,2 < 0 is applied, i.e., if the surface drag dominates over
the effect of the magnetic shift on the translation. Then,
negative values of c⊥,2 reverse the sign of the displacements
in Secs. III and IV of the motion cycle. Thus, forth dis-
placement takes place during II/III and back displacement
occurs during I/IV (Fig. 10). During I/II, where c⊥,1 > 0 is
effective, the translation s⊥(t ) looks similar to that without
a surface. Further, since on the surface |c1| > |c2|, ds⊥(I) +
ds⊥(II) < ds⊥(III) + ds⊥(IV) holds. Also, in this scenario
the integrated forth displacement s⊥ (facing the nonmagnetic
side) is larger than the back displacement (magnetic side)
during one field cycle. In the example presented in Fig. 10,
the ratio c2/c1 = −0.2 has been applied. This ratio is also
visible in the experimental curve s⊥(t ) by the ratio between
the amplitude during I/II and that during III/IV.
In addition to the translation ds⊥ in the plane of the triple
ring, also the motion ds‖ parallel to the field (perpendicular
to the ring) has to be considered. The particles move collec-
tively up and down, resulting in an oscillating up-and-down
translation of the ring. Due to the broken symmetry caused
by cos ϕ(θ ), the trajectory ds‖(t ) is not reversible. However,
the vertical component ds‖ that is gained during dθ > 0
is reversed during dθ < 0, and the ring gains no overall
distance s‖.
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